Abstract To overcome the water crisis for irrigation and other purposes, in this paper, we propose a non-linear mathematical model for artificial rain making by considering five dependent variables namely, water vapor density, densities of cloud droplets of small and large sizes, density of rain drops and cumulative concentration of mixture of aerosols of different sizes. It is assumed that these aerosols are conducive to the process of rain making, i.e. (a) the formation of small size cloud droplets from water vapors through the processes of nucleation and condensation, (b) changing them into large size cloud droplets through the processes of condensation, agglomeration, etc., and (c) changing these large cloud droplets into rain drops. The proposed model is analyzed using stability theory of differential equations. It is found that only one equilibrium is feasible and sufficient conditions for stability of such equilibrium are obtained. It is shown that the intensity of rainfall increases as the cumulative concentration of externally introduced aerosols in the atmosphere increases. Analysis reveals that for the continuous rainfall, it is necessary that water vapors must be continuously formed in the atmosphere. The numerical simulation of the model supports the analytical results.
Introduction
Water is essential for life on the planet Earth. Abundant amount of water is available in oceans but it is salty and useless for human population, animal population, agricultural purposes, etc. The water available in lakes, ponds, rivers and inside the ground is used for different purposes by human and animal population including irrigation of agricultural forms. These sources of water are re-charged by rainfall during monsoon rain. The economy of several Asian countries including India depends on monsoon rain. There are some regions in India, e.g. Bundelkhand (Uttar Pradesh), Marathwada, Vidarbh (Maharashtra), etc., where farmers completely depend on monsoon rain for irrigation. In the last few years, much less amount of rainfall is observed in these regions, causing draught like situation and hence very little agricultural production (Maps of India 2016).
Rainfall is a very important but complex phenomenon in nature. Various physicochemical processes, like condensation, nucleation, agglomeration, etc. are involved in the rainfall (Pandis et al. 1990; Pruppacher and Klett 1997) . First, tiny cloud droplets are formed from water vapors through the processes of condensation and nucleation. These tiny droplets move randomly within the cloud, collide and stick with each other, which results the formation of large size cloud droplet. Further, these large size cloud droplets are converted into raindrops through the processes of nucleation and agglomeration. Aerosols play an important role in all these processes and thus in the rainfall. Aerosols are fine particles of liquid or solid with diameters in the range 10 -9 -10 -4 m and originate from natural and anthropogenic sources and are also formed in the atmosphere due to conversion of gas into particles through chemical reactions. The primary components of aerosol particles are dust, crustal elements, nitrate, sodium chloride and biogenic organic particles such as pollen, spores and plant fragments. These aerosols increase the condensation of water vapors as cloud droplets are formed around aerosols (Finlayson-Pitts and Pitts 2000; Houghton et al. 2001; Lohmann and Feichter 2005; Maps of India 2005) .
In some places of the world, experiments have been performed for making artificial rain using different kinds of aerosols, like calcium chloride and silver iodide, etc. (Xinhua News Agency 2006) . Generally, three stages are involved in the process of making artificial rain. In the first stage, water vapors condense in presence of artificially introduced aerosols of calcium chloride, calcium oxide, a compound of salt and urea to form small size cloud droplets. In the second stage, large size cloud droplets are formed from small size cloud droplets using the aerosols such as dry ice, kitchen salt or even calcium chloride. In the third stage, large size cloud droplets are converted into raindrops using the aerosols, like silver iodide and dry ice (Narasimhan 2002; Xinhua News Agency 2006) . These aerosols may be introduced in the local atmosphere either by using small aircrafts or by firing sticks filled with the aerosols from the ground.
Some theoretical as well as laboratory experiments have been conducted to study the role of aerosols in cloud condensation nuclei (CCN) under different atmospheric conditions (Easter and Hobbs 1974; Flossmann et al. 1987; Shaw 1989; Pandis et al. 1990; Hegg 1990 Hegg , 2001 Hudson and Frisbie 1991; Lelieveld and Heintzenberg 1992; Saxena and Grovenstein 1994; Coffman and Hegg 1995; Pruppacher and Klett 1997; Bower et al. 1997) . In all these studies, it is found that aerosols act as Cloud Condensation Nuclei (CCNs), around which cloud droplets are formed. In particular, Hegg (1990; 2001) has studied the production of cloud condensation nuclei in the marine atmosphere and the impact of clouds on aerosols. Similarly, Shaw (1989) has investigated the production of condensation nuclei in clean air by nucleation of sulphuric acid. Further, it may be noted that some modeling studies have been conducted for the removal of pollutants from the atmosphere (Shukla et al. 2008; Sundar et al. 2009; Agarwal and Tandon 2010) and references therein using wind and rain. Agarwal and Tandon (2010) have studied the dispersal of air pollutants in the atmosphere due to the wind. Sundar et al. (2009) have studied the removal of gaseous pollutants from the atmosphere by considering their interaction with cloud droplets and raindrops. In these studies, it is shown that the wind and rain play an important role in the removal of pollutants from the local regional atmosphere.
To overcome with the shortage of fresh water in various countries in the world (Bulai and Venturino 2016) , artificial rain may become an avenue for these countries. In this regard, some modeling studies have been carried out to see the effect of introduction of aerosols in regional atmosphere for making artificial rainfall (Shukla et al. 2010 (Shukla et al. , 2013 Sundar and Sharma 2013; Misra 2016) . In particular, Shukla et al. (2010) have proposed a mathematical model for making artificial rain by assuming that two kinds of aerosols are introduced in the atmosphere where water vapors are continuously formed. The first kind of aerosols interact with water vapors to form cloud droplets through the processes of condensation and nucleation. The second kind of aerosols interact with the cloud droplets and convert them into raindrops leading to rainfall. It is shown that the introduction of both kinds of aerosols is very important to get desired amount of rain fall. Latter on Sunder and Sharma (2013) have presented a mathematical model by assuming that cloud droplets are continuously formed in the atmosphere but do not produce sufficient amount of rainfall naturally. It is shown that by introducing external aerosols in the atmosphere, the intensity of rainfall can be increased.
From above, it may be pointed out that physical and chemical properties of atmospheric aerosols have been much studied but a little attention has been paid on the use of aerosols in making rainfall. Keeping this in view, in this paper, we propose a mathematical model dealing with the physicochemical processes occurring in the atmosphere leading to rainfall. In the modeling process, we assume that water vapors are naturally formed in the atmosphere but are not condensed enough to form cloud droplets so as to result into rainfall. By introducing the mixture of aerosols in the localized regional atmosphere, the water vapor may get transformed to form cloud droplets of different sizes through the processes of nucleation, condensation, agglomeration, etc., consequently changing into water drops leading to rainfall.
Mathematical model
This paper deals with the problem of making artificial rain by introducing conducive mixture of aerosols in a regional atmosphere where vapor clouds are formed continuously. In presence of aerosols, the formation of small size droplets is enhanced from vapor clouds through the processes of nucleation and condensation. Further, the transformation of these small size droplets are enhanced by interaction with aerosols to form large size droplets through the processes of condensation, agglomeration etc. In presence of aerosol particles again these large size droplets change to rain drops making rainfall. The kinetics of various interactions follow simple law of mass action.
Let C v ðtÞ be the water vapor density in the atmosphere at any time t and C sd ðtÞ, C ld ðtÞ be the number densities (number concentrations of droplets) of small size and large size cloud droplets at any time t, C r ðtÞ and C h ðtÞ be the number density of rain drops and the cumulative concentration of externally introduced conducive aerosols (a mixture of two or more particulate matters) respectively. In the modeling process, it is considered that water vapor phase is continuously formed with the rate Q v (the rate of change of water vapor density assumed to be a constant) and the conducive aerosols are continuously introduced in the atmosphere with the rate Q h . The rates of natural depletion of water vapor as well as that of conducive aerosols are assumed to be proportional to their densities respectively. It is also assumed that small size cloud droplets are formed when water vapor phase comes in contact with externally introduced aerosols and thus the density of water vapor decreases. This rate of decrease is assumed to be directly proportional to the density of water vapor as well as that of cumulative density of conducive aerosols (i.e. C v C h ) and hence the density of small cloud droplets increases with the same rate. It is assumed further that the formation of small cloud droplets also takes place from water vapor directly, which is assumed to be proportional to the density of water vapor. The large cloud droplets are formed from small cloud droplets directly, the rate of which is assumed to be proportional to the density of small cloud droplets whereas the rate of formation of large cloud droplets due to the externally introduced aerosols is assumed to be proportional to both the densities of small size cloud droplets as well as the cumulative density of aerosols (i.e. C sd C h ). Further, it is assumed that the natural formation rate of rain drops is proportional to the density of large size cloud droplets, whereas its natural depletion rate is proportional to the density of rain drops. The rate of formation of rain drops by the interaction of large size cloud droplets and aerosols is assumed to be proportional to the density of large size cloud droplets and aerosols (i.e. C ld C h ). Since aerosols are being used in the formation of small and large size cloud droplets from water vapor as well as in the formation of rain drops from large size cloud droplets, the rate of depletion of cumulative density of aerosols is the same as being used in the nucleation of small size cloud droplets, formation of large size cloud droplets (i.e. h 1 C v C h , k s1 C sd C h ) and formation of raindrops (i.e k l1 C ld C h ). It is also assumed that during rain making, the density of aerosols decreases due to rainfall by impaction, the rate of which is assumed to be proportional to both the number density of rain drops as well as the density of conducive aerosols.
In view of the above assumptions and considerations, the governing equations of the phenomena are proposed as follows:
where
In the above model (1), the constants h 0 , k s0 , k l0 , r 0 and d h are positive and they represent the natural depletion rate coefficients of water vapor, small size cloud droplets, large size cloud droplets, rain drops and artificially introduced conducive aerosols (mixture) respectively. The coefficients k s ! 0, k l [ 0 and r [ 0 represent natural formation rate of small cloud droplets from water vapor, large size cloud droplets from small size cloud droplets and rain drops from large size cloud droplets. Thus, it is easy to note here that k s h 0 , k l k s0 and r k l0 . The constants p 1 and / 1 are proportionality constants and are positive. The coefficients h 1 , k s1 , k l1 and k r represent rate of transformation between water vapor phase and aerosols, small size cloud droplets and aerosols, large size cloud droplets and aerosols and rain drops and aerosols respectively. These coefficients are also assumed to be positive.
It can be noted here from model (1) that when k s ¼ 0, the small cloud droplets can not be formed from the vapor phase without its interaction with externally introduced aerosols.
In the following, we analyze the model (1) using stability theory of differential equations. For the solutions of model (1), the region of attraction (Shukla et al. 2010; Misra 2010; Misra et al. 2015 ) is given by the set:
which attracts all solutions initiating in the interior of the positive orthant, where
Equilibrium analysis
Case-I When the rate of formation of water vapors, i.e. Q v ¼ 0 and C v ð0Þ [ 0.
In this case when Q v ¼ 0, the model (1) has only one equilibrium E 0 ð0; 0; 0; 0;
It can be easily seen that the system (1) is dissipative and thus the equilibrium E 0 is nonlinearly (globally) stable. This implies that initially there would be some rainfall but it decreases to zero asymptotically and thus eventually leading to insufficient rainfall.
Case-II When the rate of formation of water vapors, i.e. Q v is a nonzero constant.
In this case also system (1) has only one nonnegative equilibrium
This equilibrium can be obtained by solving the following set of algebraic equations:
From Eqs. (3)- (6), we have
Using Eqs. (9)- (11) in Eq. (7) and after a simple manipulation, we get the following equation
Now, we prove the existence of ðC Ã h ; C Ã v Þ by plotting the isoclines described by Eqs. (8) and (12) respectively. From the isocline given by (8), we note the following:
Similarly from Eq. (12), we also note the following facts:
Thus again C v decreases as C h increases inside the open interval 0;
Thus the two isoclines described by Eqs. (8) and (12) will always intersect at a unique point ðC h Ã ; C v Ã Þ in the interior of first quadrant, see Fig.1 .
Using these values of C v Ã and C h Ã in Eqs. (9)- (11), we get the equilibrium values of C sd Ã , C ld Ã and C r Ã respectively.
Stability analysis
The local stability behavior of E Ã of model (1) is rather complex to study by using Routh-Hurwitz criterion. Hence, we apply the Lyapunov's method to test the local stability of the equilibrium. 
h Þ is non-linearly stable inside the region of attraction if the following conditions are satisfied:
For proof of the theorem see ''Appendix 2''.
Remark 1 When h 1 ¼ 0, it is noted that local stability conditions (13) and (15), non-linear stability conditions (18) and (20) are automatically satisfied but local stability condition (14) and global (non-linear) stability condition (19) are never satisfied. This implies that the process of interaction of aerosols with water vapor is destabilizing in nature.
Remark 2 When k s1 ¼ 0, it may also be noted that local stability conditions (14) and (17), non-linear stability conditions (19) and (22) are automatically satisfied but local stability condition (16) and global (non-linear) stability condition (21) are not satisfied. This implies that the process of interaction of aerosols with cloud droplets has destabilizing effect on the system.
Numerical simulation
To check the feasibility of our analysis regarding stability conditions and to see effect of other parameters on the rainfall, we have conducted some numerical computation by choosing the following set of values of the parameters in model (1).
It may be checked that for the above set of parameter values, the local stability conditions (13)- (17) and nonlinear stability conditions (18)- (22) are satisfied. For the above set of data, we have calculated the equilibrium In this case, we have numerically calculated eigenvalues of Jacobian matrix using above data. The eigenvalues of the Jacobian matrix corresponding to the equilibrium E Ã are obtained as, -1.5822, -0.9565, -0.0203 , -1.4219 ? 0.2419 i and -1.4219 -0.2419 i. It may be noted that these are either negative or have negative real part, hence the equilibrium E Ã is locally stable. (23) The effect of rate of change of water vapor Q v in the atmosphere on the variables C sd , C ld , C r and C h is presented in the Fig.3a-d . Here, the values of other parameters are the same as given in (23) except Q v . From these figures, it is clear that as Q v increases, the equilibrium level of densities of cloud droplets (small and large) and rain drops increases whereas the equilibrium level of cumulative concentration of aerosols decreases. From the Fig. 3a-c, we also see that if the water vapors are not continuously formed in the atmosphere i.e Q v ¼ 0, then the density of small size cloud droplets, large size cloud droplets and density of rain drops tend to zero after a short period of time. It means initially there will be some rain due to the presence of initial amount of water vapor in the atmosphere but it will stop after some time. From Fig. 3d , we note that if Q v ¼ 0 then the cumulative concentration of aerosols tends to its maximum value i.e. Q h =d h .
The effect of rate of introduction of the mixture of aerosols Q h in the atmosphere on the variables C v , C sd , C ld and C r is shown in Fig.4a-d , by keeping the values of other parameters same as given in (23). From these figures, it is clear that as Q h increases, the equilibrium level of densities of cloud droplets (small and large) and rain drops increases whereas the equilibrium level of density of water vapors decreases. From this figure, it is also clear that for Q h ¼ 0, the density of water vapors reaches to its maximum value; however their will be a small amount of rain due to the natural conversion of water vapors into cloud droplets and cloud droplets into rain drops.
In Figs. 5 and 6, we have shown the variations in the equilibrium densities of water vapors, cloud droplets (small and large) and rain drops and the equilibrium level of cumulative concentration of aerosols w.r.t. Q v , Q h , h 1 and k l1 for the set of parameter values given in (23). We have plotted all the five variables of the model system (1) by varying two parameters at a time viz. ðQ v ; Q h Þ and ðh 1 ; k l1 Þ, in the interval [0, 1] 9 [0, 1]. From the Fig. 5 , it is easy to see that for Q v ¼ 0, the equilibrium densities of water vapors, clouds (small and large size), rain drops are zero whatsoever be the value of Q h ; however in this case the equilibrium level of cumulative concentration is at its maximum value. Further for Q h ¼ 0, on increasing the value of Q v , the equilibrium densities of C v , C sd , C ld and C r increase and in this case a little amount of rain can be observed due to natural processes of condensation and nucleation. Increasing both Q v and Q h leads to increase in (23) the equilibrium densities of cloud droplets (small and large sizes) and rain drops on the diagonal, showing the importance of introduction of aerosols in the atmosphere. It is apparent from the Fig. 6 that increasing the values of h 1 leads to increase in the equilibrium values of densities of cloud droplets (small and large sizes) and rain drops but decrease in the density of water vapors and cumulative concentration of aerosols. From this figure ,it is also clear that increase in the values of the parameter k l1 leads to decrease in the large size cloud droplets and much increase in rainfall, showing the importance of introduction of mixture of aerosols.
From these figures, we may easily note that the continuous formation of water vapors and the continuous introduction of mixture of aerosols, which enhances the condensation of water vapors to form cloud droplets and changing cloud droplets into rain drops are necessary to get the desired rainfall. This implies that for continuous rainfall, not only the formation of water vapor is necessary but continuous introduction of aerosols is also essential.
Conclusion
In this paper, a non-linear model for rain making is proposed and analyzed by introducing conducive aerosols in the localized regional atmosphere, where water vapors are continuously formed at a constant rate. It is assumed that conducive aerosol particles interact with water vapors in the atmosphere making the water vapors to become cloud droplets of small and large sizes through the processes of nucleation, condensation, agglomeration, etc., leading to rainfall. It is assumed that small size cloud droplets are formed directly from water vapors as well as by the interactions of water vapors and aerosol particles. Similarly, the large size cloud droplets are formed from small size cloud droplets directly as well as due to interactions of small size cloud droplets and aerosols. It is assumed further that rainfall is made from large size cloud droplets directly as well as due to interactions of large size cloud droplets with aerosol particles.
The analysis reveals that for the proposed model only one equilibrium is feasible. The sufficient conditions for the local as well as global stability of this equilibrium are (23) obtained. It is found that the system may loose its stability on increasing the values of the rate of interactions of aerosols with water vapors and cloud droplets. The results obtained from numerical simulations clearly indicate that for continuous rainfall, the water vapors must be continuously formed in the atmosphere. From Fig. 6 , it is easy to see that for desired amount of rainfall, the aerosols which are introduced in the atmosphere must be a mixture of aerosols. This mixture must contain the aerosols which increases the process of condensation of water vapors to form cloud droplets and the aerosols which increases the process of nucleation and agglomeration to change the large size cloud droplets into the raindrops. From Fig. 6d , it is also apparent that the introduction of only one kind of aerosols, either which increases the condensation process of water vapors to form cloud droplets or which increases the rate of formation of rain drops from large size cloud droplets, leads to a little increment in the rainfall. However, a mixture of aerosols accounts for a significant change in the amount of rainfall on the diagonal. Apart from the introduction of mixture of aerosols, from Fig. 5d , it may be noted that the amount of rainfall also depends on the rate of introduction of aerosols in the atmosphere.
Appendix 1: Proof of Theorem 1
Linearizing the system (1) about E Ã by using the following transformations
Now using the following positive definite function
(where m 1 ; m 2 ; m 3 ; m 4 are some positive constants to be chosen appropriately). Differentiating above equation with respect to t along the solutions of linearized system of (1), we get
Choosing m 2 ¼ m 1
dt is simplified as:
Now dV dt will be negative definite provided the conditions (13)-(17) are satisfied.
Appendix 2: Proof of Theorem 2
To prove this theorem we consider the following positive definite function about E Ã ,
(where k 1 ; k 2 ; k 3 and k 4 are some positive constants to be chosen appropriately). Differentiating above equation with respect to t along the solutions of system (1) and after a simple algebraic manipulation we get,
Choosing k 2 ¼ k 1
dt is simplified as dU
